Abstract. An explicit example is given of a smooth function invariant under a linear group action that is not a smooth function of the invariant polynomials.
Since v 1 , v 2 are irreducible elements and distinct, we may conclude that
Therefore, since we are in a unique factorization domain, it follows that
for some polynomial p. The key observation to make is that the operator x 1 ∂ 1 +x 2 ∂ 2 acts as scalar multiplication by n on a homogeneous polynomial in x 1 , x 2 of degree
or, expanding, that
Comparing coefficients yields
Since f , f 0 and x 2 v 1 − x 1 v 2 are all invariants, it follows that
is as well. However, in x 1 and x 2 it is of degree one less. Hence, by induction, f is a polynomial in v 1 , v 2 and j.
Now consider the function f on the phase space P defined by
and f = 0 when j = 0. Since
, f is smooth on phase space. However, f , thought of as a function on the image of the invariants map
is not a smooth function as it has no continuous extension to any neighbourhood of the origin. Note that the image of J is all of R 3 with the j axis removed and the origin stuck back in. It is the peculiar form of the image of J that explains why it is possible for the pullback J * f to be smooth. It is a pleasure to thank H. Farahat for his patient explanations showing me what was really going on in the lemma.
